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Abstract 

We constructed a model of neutrino masses using Froggatt-Nielsen mechanism with U(l) x Z3 x Z2 

O 

flavor symmetry. The model predicts that (2/3)7712/^3 ~ \/2sin#i3 at lepton number violating 

(N ' 

scale Mi . It is shown that the small values for m 2 / m.3 and sin 13 are consequences of breaking 

a : 

discrete symmetries. 
CN ■ PACS numbers: 11.30.Hv, 14.60.Pq, 14.60.St 

m 
> 
m 

m 

o 

a: 
a: 

> 

• 1— I 

X 
S3 



I. INTRODUCTION 



Having experimental data at our hands, it is undeniable that two of three mixing angles 
in the lepton sector are large and the other is small. A few detailed types of mixing angle 
sets depending on theories to derive them are still debatable. Interpreting the atmospheric 
and solar neutrino experiments in terms of two-flavor mixing, the mixing angle for 

the oscillation of atmospheric neutrinos is understood to be maximal or nearly maximal: 
sin 2 29 atm ~ 1, whereas the one for the oscillation of solar neutrinos is not maximal but large: 
sin 2 9 so i ~ 0.3. The upper bound sin < 0.2 was obtained from the non-observation of 
the disappearance of VI in the Chooz experiment^. The masses of charged leptons are the 
most precisely measured parameters of the fermions. The data reads m e = 0.51MeV, m M = 
10QMeV,m T = 1780Me\A Meanwhile, as for neutrinos, the existing data just show that 
the neutrino mass squared differences which induce the solar and atmospheric neutrino 
oscillations are Am 2 oZ ~ (7tl°) x 10" 5 eV 2 and Am 2 tm ~ (2.5lo;g) x 10~ 3 e V 2 , respectively 
With SNoQ] and KamLAND J], data have narrowed down the possible mass spectum of 
neutrinos into two types, normal hierarchy (mi < m 2 < m 3 ) and inverse hierarchy (m 3 < 
Tri\ < m 2 ). If the experimental results Am^, = m 2 — m\ and Am 2 tm = |m| — ml\ are 
accommodated to the masses of normal hierarchy, one can obtain the following relations for 
mass ratio, 



m 2 
m 3 



Am2 soi 

^ m atm 



(l.Tt 1 /) x 10- 1 , 



(1) 



assuming m\ is strongly restricted to be smaller than m 2 by the order of magnitude, rather 
than mi % m>2- 

The unitary mixing matrix is defined via v a = Y^i^UajVj {a = e^u,r), where v a is a 



flavor eigenstate and Vj is a mass eigenstate. Including data from SNO 
the range of the magnitude of the MNS mixing matrix is given by ^| 



and KamLand 



Q, 



\u\ 



( 



0.79 - 0.86 0.50 - 0.61 - 0.16 
0.24- 0.52 0.44- 0.69 0.63- 0.79 
0.26 - 0.52 0.47- 0.71 0.60- 0.77 



\ 



(2) 



at the 90% confidence level. It can be readily recognized that the central values of elements 



in the mixing matrix in Eq.(j2J are pointing likely numbers, sin^ 



sol 



V3 



and sin^, 



at rn 



V2 
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. If neutrino mixing matrix is close to the lepton mixing MNS matrix given with the 
values dictated by experiments as above, the neutrino mass matrix in that basis will imbed 
two leading terms as 

/ n n n \ / 1 1 1 ^ 



0{m 3 ) 
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1 1 
1 1 



0{m 2 ) 



1 1 1 
1 1 1 



+ O (mi,s 13 ) 



(3) 



if the type of mass spectrum is normal hierarchy. The model to be presented will explain 
how those different scales of elements in the mass matrix are derived from a certain flavor 
symmetry. 

Froggatt-Nielsen(FN) mechanism^ with a U(l) flavor symmetry is a commonly used 
strategy to construct the model of Yukawa interaction for fermions. However, if the FN 
mechanism with U(l) is taken to build neutrino Yukawa interaction and then the seesaw 
mechanism completes the construction for the light neutrinos, the mass matrix can not 
avoid an anarchy tvpejiol]. 

'i 1 1\ 

1 1 1 
1 1 1 



0{m 3 ) 
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since breaking continuous U(l) flavor symmetry alone is capable of generating no gaps in 
scales of neutrino matrix elements. Unless the approach includes somehow particular strat- 
egy, e.g., an accidental fine tuning, the mechanism does not give rise to an explanation 
of hierarchy in masses and the two large angles and small reactor mixing angle 9 e3 . The 
suppressed couplings of u e for the natural smallness of 9 e3 can be constructed using a U(l) 
flavor symmetry in low-energy effective theories n|. However the 1-1 element is further sup- 
pressed relative to other couplings with v e so that the desired structure in Eq.Q would not 
be obtained under a U(l) flavor symmetry. We will use an idea which is that, by extending 
the U(l) flavor symmetry so that it contains additional discrete abelian Z n symmetries, it is 
possible to achieve relative suppression or relative enhancement among elements in Yukawa 



matrices or in neutrino mass matrix 
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] 3] 3- ft w * u b e shown that a flavor symmetry 
£7(1) X Z 3 x Z 2 originate the particular pattern in Eq.((3J). 

The model in consideration will be constructed on the basis where the neutrino masses 



involve two large lepton mixing angles. The neutrino mass matrix is derived via the seesaw 



mechanism by introducing three heavy right-handed neutrinos. 

In the following section, experimental data will be embedded inside the mass matrix, for 
comparison with prediction. The elements of mass matrix appear classified scale by scale. 
In Section III, we adopt the Froggatt-Nielsen(FN) mechanism generating different orders 
of couplings to establish the structure of Yukawa matrices. We will show that Yukawa 
couplings generated by breaking discrete abelian flavor symmetries, accompanied with the 
seesaw mechanism, can produce the distinct scales as in the mass matrix shown as constraint 
in the previous section. The prediction (2/3)m 2 /m 3 ~ y^sin^ will be presented in Section 
IV. One of the significant outcomes of the model is that the small mass ratio m 2 /m 3 and 
the small mixing U e3 are resulted from breaking of the discrete symmetries Z% and Z 2 . Some 
relevant remarks will follow in the last section. 

II. LOW ENERGY CONSTRAINTS 

In general, a unitary mixing matrix for 3 generations of neutrinos is given by 

U = R (0 23 ) R (0i3, 5) R (M P(<p, if 1 ) (5) 

where i?'s are rotations with three angles and a Dirac phase 5 and the P = 
Diag (l, e^ /2 , e^' /2 ) with Maj orana phases tp and ip' is a diagonal phase transformation. The 
mass matrix of light neutrinos is given by M u = UDiag(mi,m2,m 3 )U T , where mi, m 2 , m 3 
are real positive masses of light neutrinos. Or the Majorana phases can be embedded in the 
diagonal mass matrix such that 

M u = UDiag(mi,m 2 ,m 3 )U T , (6) 

where U = UP -1 and m 2 = m 2 e lip and m 3 = m 3 e lip ' . If the transformation angles are given 
such that S12 = -^(1 + <7),s 23 = s 13 <C 1, where Sij denotes sin^- with the mixing 
angle 9^ between i-th and j-th generations and a is also small(^C 1), the matrix M v can be 
expressed as 
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s 13 e i<5 


with a Dirac phase 5. 
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The mass ratio mi/m^ is assumed to be much smaller than 7772/7773 = 0.17. From the 
range of \U\ in Eq.(J2J), it is reasonable to estimate the upper bound of the a and si 3 to 
be about m 2 /m 3 . Since m^mj is negligible in comparison with other parameters, the 
dimensionless matrix obtained by a denominator m 3 /2 reduces to an expression with three 
leading parts depending on the orders and the types of parameters, 

1 1 1 



My 

m 3 /2 
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-1 
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where (p = ip — ip'. The entries in the three matrix terms represent exact ones or exact zeros 
while small contributions are all collected in the last term. The third term that represents 
the contribution of the small mixing angle S13 = sin #13 is taken as not smaller than the 
ratio mi/7773 and other parameters mentioned in the fourth term. The value of 7772 /m 3 
is comparable to the upper bound of experimental value of sin# 13 . If some theoretical 
approaches or future experiments indicate the common size of the two values, the constraint 
of the large mixing angle #12 implies that a difference between the Majorana phases and the 
Dirac phase (p — (p' — 5 should be about 7r/2 to prevent the 1-2 and 1-3 matrix elements from 
the suppression by eliminating each other in two terms in Eq.flHJ). Since the order of the 
third term with S13 cannot exceed that of the second term with 7772/7773 in any circumstance, 
the matrix M v /m 3 consists of mainly two scales of elements, 0(1) and 0(7772/7773). 



III. A MODEL WITH U(l) x Z 3 x Z 2 

The Yukawa interaction of leptons and the lepton number violating mass term of right- 
handed neutrinos 

- C = Hy,L e e R + Hy u L e N R + ^M R N R N R (9) 

consist of 3 x 3 matrices 3^, 3^ and M R , where there are three right-handed neutrinos. The 
FN mechanism is performed to generate the above matrices hereafter. In models whose 
flavor symmetry contains three distinct components U(l) x Z 3 x Z2, we introduce three 
singlet scalars, So, Si and 5*2, with flavor charges 

So(-i,o,o), ^(0,-1,0), £2(0,0,-1), (10) 

5 



where the three elements in a parenthesis are three quantum numbers of each field under 
U(l),Zs, and Z 2 , respectively. Let the Higgs be neutral under the flavor symmetry hence- 
forth. The charges of fermions under the symmetry U(l) x Z 3 x Z 2 are denoted as 

L e (d,i,ii), Nnfo&rl), e^gf.rf), (11) 

where i denotes a generation. Then, the contributions to the Yukawa matrices arise from 
flavor invariant terms in 

where the exponents to the scalar fields S ,Si, and S 2 are given with sums of the charges 
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3: 



A sum of 



of fermions in Eq.([ll|). The sums p^, g?-, and r?- are calculated as follows 
U(l) charges p^ is obtained straightforwardly, p\ ■ = p\ +p|, p« — Pi O n the other hand, 
a sum of Z n charges qfj or r?- needs to be taken extra care of for the property of discrete 
abelian symmetry. If q\ + gj is less than 3, g' • = g| + g|. If q\ + g| is equal to or larger than 
3) Qij = Qi + Qj ~ 3, that is, the charges are modded out by 3 and so are the g?- and the 
qfj. The particular rule for the charges of Z 3 symmetry is denoted by brackets [ ] 3 such 
as Qij = Wi + Qjh and g™- = [q\ + gj] 3 . Likewise, r^- = [r- + r|] 2 and r™- = [r\ + rj] 2 . Also, 
the mass matrix Mr of the flavor invariant right-handed neutrino mass term is replaced by 
couplings including singlet particles, 

where p r {j =p r i +p r j , qT. = [ q v + g j] 3) and r£ = [r[ + rj] 2 . 

The scalar fields in general can have different vacuum expectation values < So >, < S± > 
and < S 2 >. These can be related to a common expansion parameter A by setting 

—7-^— = A, = (14) 

A.£ A L Ai 

In general, one may take a ^ (3, but for our particular models we assume a = (3. The 
scale Ai where massive states are integrated out of the fundamental theory to produce an 
effective theory, is assumed to be larger than the vev < Sq > of the singlet scalar field so 
that the parameter < Sq > /A^ is smaller than one and is called A. Then the generated 
terms in charged lepton Yukawa matrix will be of order \ p n +a ( q *3 +r v\ We will restrict our 
attention to flavor charges that are non-negative. Even though only the standard model 
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fields plus right neutrinos are concerned here, the non-negativeness is motivated by analytic 
superpotential whose terms carry charges p^, g^-, r^- > 0. The lagrangian with broken flavor 
symmetry reduces to 

- £ = HL e e R \ pl n +a ^Mi) + HL e N R X p ^ +a ^ +r ^ + ^A R N R N R X p ^ +a ^ +r ^ (15) 

There are undetermined order one coefficients multiplying these terms, and we assume that 
those coefficients are sufficiently close to one so as not to influence the hierarchy, i.e. some- 
what greater than A and somewhat less than 1/A. 

The flavor charges (pj,gj,rj)'s of i-generation fields are assigned as follows, if there are 
three families of right-handed neutrinos, n r = 3; 

2 = 1 i = 2 i = 3 
(p l ,q l ,r l ): (0,2,0) (0,0,1) (0,0,1) 
(f,q r ,r r ): (2,2,1) (0,0,0) (0,0,0) 
(p e ,g e ,r e ): (3,0,0) (2,0,1) (0,0,1) 
The mass matrix of right-handed neutrinos constructed by applying the flavor charges to 
Eq-dHIJ) is 

/ \4+a ^2+3a ^2+3a \ 
A 2+3a ! l 
X 2+3a 1 l 

and the Yukawa matrices of neutrinos and charged leptons are 

/ \2+2a \2a \2a\ I ^3+2a ^2+3a ^3a \ 



N R 
e R 



(16) 



M, 



R 



\ 



A 



R, 



(17) 



x 2 - 


-2 a 


X 2a 


X 2a 


x 2 - 


r 2a 


x a 


x a 


x 2 - 


-2a 


pX a 


x a 



J 



\ 



x 3+a 
x 3+a 



X 2 
X 2 



(18) 



1 J 



where the p = 1 in y v , but later the p will have different magnitude other than 1 in the basis 
of M R diagonal. The exponents to A in the above matrices are controlled by sum rules. The 
Pij the sum of the U(l) charges has a rule among themselves, pa + pjj — p^ — pji = 0, for 
i 7^ j. Meanwhile, for the the modulated sum of the Z 3 charges, qa + qjj — g^ — qji does 



not always vanish but can reduce to ±3. Likewise, + r 



33 
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Tji does reduce to either 



or ±2 (l3j. If one employs just a continuous U(l) flavor symmetry, the type of neutrino 
mass matrix obtained via seesaw mechanism is democratic, which is caused by a feature of 
£7(1), the vanishing sum rule. The suppressed elements in the neutrino mass matrix can be 
derived using a discrete symmetry, if the charges of fields result in non-zero sum rule. 



IV. MASSES OF LIGHT NEUTRINOS 



The light neutrino masses are generated via the seesaw mechanism M v = y v M^y1 '. Now 
on, the basis is switched to the one with right-handed neutrino mass eigenstates correspond- 
ing to mass eigenvalues (M 1 ,M 2 ,M 3 ). The transformation of right-handed neutrinos may 
give rise to a change in the Yukawa matrix y u , which effect can appear as the suppression 
by p factor smaller than 1 . Other effect than the p factor from the transformation of basis 
is nothing but rotations with angles about \ 2+3a which is negligible. Such a transformation 
does not change the order of magnitude of other contributions in y v . The light neutrino 
mass is obtained as 



/ X 2a X a X a\ ( y2a ^ ^ \ ( 1 1 l\ 



2\2a 



My 



v 2 X 



M 3 



X a 
X a 



1 1 
1 1 
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v 2 X 
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X 2a X a X 
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2^4+4o 

Mi 



A" p p 2 J 

where v is the vacuum expectation value of the doublet Higgs. 



1 1 
1 1 1 
1 1 1 



(19) 



As shown in Eq. (jl6|) . there is no distinguishability between the second and the third 
neutrinos under the flavor symmetry. The right-handed neutrinos described in Eq. fll7j) may 
have two degenerate masses, M 2 = M 3 , or may have three different masses with maximal 
2-3 mixing angle. If M 2 < M 3 , the second term in Eq. (jl9|) will exceed the first term, which 
is not the case to be concerned in this model. The leading orders in the elements of neutrino 
mass matrix can be arranged in three parts, with Mi ~ A 4+q Ajj and M 2 ~ M 3 ~ A#, 
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(20) 



which shows that the suppression due to the change of the basis does not affect the order 
of those three terms. Thus, the masses of the light neutrinos are predicted only in terms 
of the scale of lepton number violation A^ and the breaking scale of the discrete flavor 
symmetry Z 3 x Z 2 , X a =< S > /M\. The breaking scale of discrete symmetries may be 
the same as that of the U(l) flavor symmetry, a = 1, or may not. But, before removing a 
which denoted the contribution of discrete symmetry with X a , it is worth stressing that the 
particular structure of the matrix in Eq. (|2*U|) was able to be derived only due to the discrete 



symmetries. If a = 1, the model predicts in comparison of Eq.fjHJ) and Eq.(j20J) 

-— ~ \/2 sin 6<i3 ~ A, (21) 
3m 3 

and for charged leptons with the Yukawa matrix in Eq.(|18|) 

Trip, 5 2 



A , ^ ~ A , (22) 

which are consistent to each other as well as experiments, while they are derived in terms of 
a single parameter A induced from the discrete symmetry breaking. Two relations in Eq. ()22|) 
give rise to estimation of A about 0.19 and about 0.24, respectively. They would provide an 
appropriate range for values in Eq.(J2TJ). 

V. REMARKS 

It was shown that & U(l) x Z 3 x Z 2 flavor symmetry invariant model of Yukawa interaction 
gives rise to the prediction of Eq. ()21)1 and Eq. ()22)1 through a series of mechanisms of breaking 
the symmetry and the seesaw. The above prediction is obtained with Yukawa matrices at 
lepton number violating scale Mi or M3(A^). The test of sin #13 with future experiments 
requires a detailed model that involves the choice of order one coefficients and running of 
Yukawa couplings. With respect to RG running, the mass ratios mentioned in Eq.()21|) and 
in Eq. (J22l) are stable in Standard Model or in Minimal Sypersymmetric Standard Model 
(MSSM) However the running of a neutrino mixing angle like #13 in Eq. (j21)l reveals 

different aspects depending on models. It was pointed out in Ref. JlJ] that the RG evolution 
of 6*i3 may be positive or negative relying on whether a model in MSSM includes CP phases 
or not. 

One can recognize that the model obtains the large mixing between the second and 
the third generations simultaneously both in the Yukawa matrix of charged leptons y% in 
Eq. (jl8j) and in the neutrino mass matrix. The MNS mixing matrix, the multiplication of 
the transposed mixing matrix of charged leptons and the mixing matrix of neutrinos [5|, can 
maintain still large or maximal mixing due to imaginary phases even if both mixing matrices 
have large or maximal angles for the relevant mixing before the multiplication. 

Under the flavor symmetry, only the first generation of neutrinos can be distinguished 
from others. Other two generations of neutrinos cannot be distinguished from each other 
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in terms of their charges no matter which are left-handed or right-handed, although three 
generations of the left-handed are classified within weak interaction. With the development 
to this point, there is no way to state that the right-handed are of two generations or they are 
of three generations. Some phenomenology with righthanded neutrinos, e.g., leptogenesis, 
may help further setting of the model. 

In the model derived by FN mechanism extended with additional discrete symmetries, 
it was shown that the small but moderate neutrino mass ratio m 2 /m 3 is a consequence 
from breaking the discrete symmetries. The small value for # 13 is also explained as another 
consequence of discrete symmetry breaking, which is not plausible only by a continuous U(l) 
symmetry. 
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